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The relevance of the research topic. In this PhD thesis, we investigate the
problem of constructing the Green’s function for boundary value problems for a
hyperbolic equation. The Green’s function for the hyperbolic problems differs
significantly from the Green’s function of problems for equations of elliptic and
parabolic types.

For the problems for the equations of elliptic and parabolic types it can show
that the difference of two Green’s functions

g(x,y) = Go(x,y) — Gp(x,y)
is already a “smoother” function and is a solution of the homogeneous equation
Lg(x,y)=0, X,y € Q.

However, there is no longer the case for the problems for the equations of hyperbolic
type. The function g(x,y) can also have singularities of the same order as the
Green’s functions G, (x,y) and Gp(x, y).

Thus, if for the problems for the equations of elliptic and parabolic types the
Green’s function can be represented in the form of the sum of the “main part with
singularities” and the “smooth term”

Gp(x,y) = Go(x,y) — g(x,y),

then there is no longer the case for the hyperbolic boundary value problems. This
fact significantly complicates the consideration and therefore, for each separate case
of boundary value problems, a separate investigation is required.

The aim of the PhD thesis is to substantiate the Green's function method for

asymmetric characteristic initial-boundary value problems for the hyperbolic
equation in a characteristic triangle.

To achieve the aim of the dissertation, the main objectives of the following
research are considered:



-Construction of the Green function for the first initial boundary value
problem in the quarter plane for a general two-dimensional hyperbolic equation of
the second order;

-Construction of the Green function for the second initial boundary value
problem in the quarter plane for a general two-dimensional hyperbolic equation of
the second order;

-Construction of the Green function of the Darboux problem for a general
hyperbolic equation in a characteristic triangle with a boundary condition of the first
kind on an uncharacteristic boundary;

-Construction of the Green function for asymmetric characteristic boundary
value problem for a general hyperbolic equation in a characteristic triangle with a
boundary condition of the first kind on a non-characteristic boundary;

-Construction of the Green function for asymmetric characteristic boundary
value problems for a general hyperbolic equation in a characteristic triangle with a
boundary condition of the second kind on a non-characteristic boundary;

-Construction of an example of a correct characteristic boundary value
problem having a "non-classical” form of the Green function;

-Construction of boundary conditions of a volume hyperbolic potential in a
domain with a curvilinear boundary.

Object of the PhD thesis is a general second-order hyperbolic equation with
variable coefficients.

The methods of scientific research. The dissertation uses methods of the
theory of partial differential equations, the theory of functions, the theory of
potential, the theory of special functions and the theory of differential geometry.

Scientific novelty of the work. The problems that considered in this
dissertation are new.

One of the most significant achievements in the construction of the Green's
function of a characteristic boundary value problem was the work of Haws L.
Symmetric Green's functions for certain hyperbolic problems (1991). He considered
a two-dimensional hyperbolic equation

Upy (X, y)u = f(x,y), (xy) €Tl
in the characteristic triangle I' = {(x,y):0 < x <y < 1}.
One of the following two conditions was chosen as the boundary condition on
the non-characteristic line AB: either a boundary condition of the first kind

u(x,x) =0, 0<x<1,

or a boundary condition of the second kind



(uxy —uy)(x,x) =0, 0<x<1,
and the condition at point C was used:
u(0,1) = 0.

The problem was supplemented by another condition that ensures the symmetry of
the Green’s function of the problem under consideration. As an example, it was
proposed to use self-adjoint boundary conditions with displacement.

In general, the problem was only formulated, but not solved. For the special
case p(x,y) = 0, the definition of the Green function was given and the method of
its construction was specified.

The author also considered a hyperbolic equation with lower order
coefficients

Uyy + auy, + bu, + cu = f(x,y), (x,y)€Tr.

However, only the case of constant coefficients a, b, c was considered.

The problem of constructing the Green's function of a characteristic boundary
value problem with arbitrary coefficients (without using the symmetry condition)
was singled out as an unsolved problem, interesting for further consideration.

Theoretical and practical significance of the results. The research on the
topic is mainly theoretical and fundamental. Their scientific significance is due
precisely to the deep level of fundamentality of the results obtained.

Publications. According to the results of the dissertation, 10 papers were
published: 3 journal articles (1 in journals indexed by Scopus, and 3 in a journal
recommended by the Committee on the Control of Education and Science of the
MES RK), 4 papers in materials of international scientific conferences (1 in Springer
Proceedings).
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The structure and scope of the thesis. The PhD thesis consists of a title page,
content, introduction, seven sections, conclusion and a list of references. The total
volume of the dissertation is 108 pages with 68 references to literature.

The main content of the thesis. The introduction contains the relevance of

the research topic, goals and objectives, the main provisions for the defense of the



dissertation, the object and subject of the research, research methods, novelty and
theoretical and practical significance of the research, the connection of the PhD
thesis with other research papers, the approbation of the work, the author's
publications, the scope and structure of the dissertation and content.

In section 1, a definition of the Green function is given and a method for
constructing of the Green function for the first initial boundary value problem in the
quarter plane for a general two-dimensional hyperbolic equation of the second order
IS substantiated.

In section 2, a definition of the Green function is given and a method for
constructing of the Green function for the second initial boundary value problem in
the quarter plane for a general two-dimensional hyperbolic equation of the second
order is substantiated.

In section 3, the definition of the Green function of the Darboux problem for
a general hyperbolic equation considered in a characteristic triangle with a boundary
condition of the first kind on an uncharacteristic boundary is given and the
methodology for its construction is substantiated.

In section 4, the definition of the Green function for asymmetric characteristic
boundary value problems for a general hyperbolic equation considered in a
characteristic triangle with a boundary condition of the first kind on a non-
characteristic boundary is given and the methodology for its construction is
substantiated.

In section 5, the definition of the Green function for asymmetric characteristic
boundary value problems for a general hyperbolic equation considered in a
characteristic triangle with a boundary condition of the second kind on a non-
characteristic boundary is given and the methodology for its construction is
substantiated.

In Section 6, the examples of a correct characteristic boundary value problem
having a "non-classical” form of the Green function are constructed.

In Section 7, the boundary conditions of a volume hyperbolic potential in a
domain with a curvilinear boundary are constructed.

In conclusion, the main results obtained during the PhD thesis are presented.
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